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A note on a generalization of a five circle
problem: Part 2
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Abstract. We generalize a problem in Wasan geometry involving three smaller
congruent circles touching two larger congruent circles and their common tangent.
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1. INTRODUCTION

In this note we generalize the following problem in [3] (see Figure 1).
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Figure 1: r = (1 — /3/4)s.

Problem 1. Two intersecting circles d; and d, of radius s have an external com-
mon tangent ¢, and the maximal circle touching the two circles from the inside
has radius r. Two touching circles of radius r touch ¢ from the same side as ¢,
and one touches d; externally and the other touches d, externally. Show that

r=(1—-+/3/4)s holds.
Similar problems have considered in [1, 2], which can also be found in [3].

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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4 A NOTE ON A GENERALIZATION OF A FIVE CIRCLE PROBLEM: PART 2
2. GENERALIZATION

In this section we generalize the problem. We use the next lemma.

Lemma 1. For a square ABCD with |AB| = s, let § be a circle of radius s and
center A. A circle of radius r touches the segment C'D at a point P form the
same side as 6 and also touches § externally. Another circle of radius s’ touches

the segments BC' and C'P and also touches the circle of radius r externally. If
|CP|/r+1=d, then we have

(1) s=Wd+1* and § = (Vd—1)%

Proof. From s = |CP| 4 2y/sr = (d — 1)r + 2+/sr, we have s = (\/c_l + 1) (see
Figure 2). Similarly from s’ = (d — 1)r — 2v/s'r, we have s’ = (v/d £ 1)?r. Since
s > s', we have (1). d
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Figure 2. Figure 3.
If v1, 72, - -+, 7» are congruent circles such that ~; and 7, touch, and ~; touches
~v;—1 at the farthest point on ;1 from v, for ¢ = 3, 4, -- -, n, then the circles are

said to be congruent circles in line. The problem is generalized as follows:

Theorem 1. Two intersecting circles 0, and 0o of radius s have an external
common tangent t, and the maximal circle touching the two circles from the inside
has radius r. vi, Yo, -+, Vn are congruent circles of radius r in line lying inside of
the curvilinear triangle made by 01, 05 and t such that they touch t and v, touches
01 and ~y, touches do. Then the following statements are true.

(i) s=(vVn+1+1).

(ii) s/r is an integer if and only if there is an integer 7 > 1 such that n =
(j—1)(j+1). In this event s/r = (j + 1).

(iii) If n is an odd integer such that n = 2k — 1 for a positive integer k, then there
are circles vy, V4, -+, Ve of radius r in line such that vy, = vy, and ~y; touches &;
and 6y externally.

Proof. The distance between the centers of 71 and ~,, equals 2(n — 1)r (see Figure
3). Therefore the distance between the center of 7, and the perpendicular to ¢
touching ds and the maximal circle touching §; and ds equals (n — 1)r +r = nr.
Therefore (i) is proved by Lemma 1. The part (ii) is obvious. Let p be the reflection
in the line joining the centers of §; and ~, and let 7, = ~f for i = 1,2,--- | k.
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Then 71, 75, -+, ;. form congruent circles in line. Since the circles §; and 7
are fixed by p, the circle 7] touches d; (see Figure 4). It also touches ds by the
symmetry of the figure. This proves (iii). O

Figure 4: k = 3.
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